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Abstract 

The symplectic and Poisson structures of the Liouville theory are derived from the 
I symplectic form of the SL{2, M) WZNW theory by gauge invariant Hamiltonian re- 

' duction. Causal non-equal time Poisson brackets for a Liouville field are presented. 

Using the symmetries of the Liouville theory, symbols of chiral fields are constructed 
^ i and their *-products calculated. Quantum deformations consistent with the canoni- 

^sO ' cal quantisation result, and a non-equal time commutator is given. 
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1 Introduction 



Oh! 



Wess-Zumino-Novikov-Witten(WZNW) models |I| are fascinating two-dimensional inte- 
grable conformal field theories which turn up in many areas of physics and mathematics. 
A rich variety of additional integrable theories is given by their cosets. Hamiltonian re- 
^ I duction H provides a complete description of the relationship between these theories. 

In particular, the symplectic and Poisson structures of this theory 0, |^ and its cosets can 
be derived from the general solution of the equations of motions of the WZNW model. 
Moreover, Hamiltonian reduction also proves to be a general method for the integration 
of gauged WZNW theories. It might be worthwhile to illustrate this by considering the 
SL{2,R) WZNW theory together with the Liouville theory [|-[| and the 5L(2, M)/f/(l) 
black hole model ||^, |^ . 

Our basic aim is to quantise the coset theories. Even for these well-studied cases funda- 
mental problems remain. As an alternative to standard canonical quantisation [§, 0, §|, ^ 



it seems to be advantageous to consider a Moyal formalism |10|-|12]. Such methods have 
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recently been variously applied to field theories with non-commutative geometry. In our 
case, however, such a formalism arises quite naturally as a consequence of a transitive sym- 
metry group acting on the phase space. This symmetry may prove useful in the explicit 
construction of Liouville correlation functions. 

In this paper we shall restrict our attention to Liouville theory. As well as being the 
simplest coset model, there is an extensive literature on quantum Liouville theory 
against which we can test our Moyal approach. Before we do the quantisation, a full 
description of the classical Hamiltonian reduction will be given. The classical analogue of 
the exchange algebra is derived, and from this we deduce the general causal non-equal time 
Poisson brackets for a Liouville exponential. Such non-equal time Poisson structures may 
play a role in other interacting field theories. 

In chapter 2 we derive the basic Poisson brackets of the SL{2, M) WZNW theory from its 
symplectic form and discuss the symmetry properties of this theory. Chapter 3 describes 
the nilpotent reduction of these structures to the Liouville theory and presents in particular 
the symmetries on the phase space and the causal non-equal time Poisson brackets. After 
the introduction of a symbol calculus, ^-products of chiral fields and a non-equal time 
commutator are calculated. Chapter 5 summarises the results, and some technical details 
are provided in four appendices. 

2 The SLi2,R) WZNW theory 

The WZNW theory has a chiral structure and its investigation can essentially be reduced 
to the analysis of the chiral or anti-chiral part. The general solution of the dynamical 
equation gives the SL{2,M.) field g{T,a) = g{z)g{z) as a product of the chiral and anti- 
chiral fields g{z) and g{z)^ where z = t + (j,z = t — a are light cone coordinates. The 
symplectic form and the Hamiltonian have a chiral structure as well. 

2.1 The basic Poisson brackets 

We consider periodic boundary conditions in a for the SL{2, M) field g{T, a), and the chiral 
fields have a monodromy g[z + 27r) = g{z)M with M G SL[2,M.). The chiral part of the 
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symplectic form of the SL{2,R) WZNW theory is then [g g 



1 



T+27r 



0; = -- / {{g-\z) 6g{z)y A g-\z) 6g{z)) dz (2.1) 
T Jt 

A g-\r)5g{r)). 

7 > is a coupling constant, ' denotes differentiation, and the normalised trace is defined 
by (■) = -itr(-). 

Let us take the basis of the s/(2, M) algebra 

0-l\ , /Ol\ , f 1 
1 



1 • -1 ■ P,2) 



It satisfies the relations tn = —Vmn I + ^mn ^ tu where / is the unit matrix, 'q^n = 
diag(+, — , — ) the metric tensor of a "id Minkowski space, and eoi2 = 1- For the matrices 
tn one has {t^ tn) = Vmn, {ti tm ^n) = (^imn and for any a G s/(2,M) (t„ a) = a. We 
shall also use the nilpotent elements of the algebra t± = ti± to- 
la general, the 2-form ( p.l|) is singular and one has to quotient the space of the chiral 
fields by SL{2,'R) transformations g{z) g{z)N [|] under which M N^^MN. The 
monodromy M can be so transformed into an abelian subgroup, and we shall choose 

M=(q' ^-a), with A<0, (2.3) 

in order to get a regular Liouville field after Hamiltonian reduction. The 2-form (2J.) then 
becomes symplectic and its inversion gives the Poisson brackets (see Appendix A for the 
explicit calculations) 

{2\g{z)} = ^^g{z)t2, (2.4) 

{9ab{z), gcd{y) } = — [{9{z)t2)ab {g{y)t2)cd e{z-y) 
+{g{z) t_ )ab (giv) t+ )cdd-2xiz - y) 
+ {g{z)t+)ab {g{y)t-),d02x{z-y)]. (2.5) 

Here e{z) is the stair-step function e{z) = 2n -|- 1 for 27rn < z < 27c{n + 1), and 

Xe{z-y) 
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is the Green's function which inverts the operator dz on functions A{z) with the mon- 
odromy A[z+2ti) = e^^A[z) for A 7^ 0. Since in the interval z G (— 27r, 27r) e{z) = sign (z), 
we have 

^ , , cosh A 1 , s , _s 

Equations (U) are the basic Poisson brackets of the SL{2,R) WZNW theory. The 

corresponding relations of the coset theories can be derived through the Hamiltonian re- 
duction. 

2.2 The Kac-Moody and conformal symmetries 



As a consequence of the basic algebra ( p.4| ), ( p.5| ) the components of the (periodic) Kac- 
Moody currents 



Jn{z) = \{t^g'{z)g-\z)) (2.8) 
7 



commute with A and satisfy 



Uniz), g{y)} = -^{tng{y))S{z-y), (2.9) 
which means that the currents Jn{z) are generators of left multiplications 

R{f) : g{z) ^ f{z)g{z) {f{z) E 5L(2,M)). (2.10) 



Since the symplectic form (|2.1| ) contains the 1-forms g ^{z) 6g{z) which are invariant under 
left multiplications, ( 2.101) are symmetry transformations of the system. The SL{2, M) Kac- 



Moody algebra follows directly from (|2.8|) and ( p.9|) as 

{Jm{z), Jn{y)} = emJ Ji{z)5{z - y) + ^r]mnS'{z - y), (2.11) 

and for the chiral Sugawara energy momentum tensor 

Tg{z) = -^'Uz)r{z) (2.12) 

we get the Poisson bracket relations 

{Tg{z),g{y)} = g\y)S{z-y), (2.13) 
{T,(z), .Uv)} = Uy) 5{z -y)- Uy)5\z - y), (2.14) 
{T,(z), T,{y)} = T, \y) 5{z - y) ~ 2T,{y)5'{z - y). (2.15) 
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We see that g{z), Jn{z) and Tg{z) have the conformal weights 0, 1 and 2, respectively. 
Tg{z) generates the conformal transformations g{z) i-^ g{C,{z)), which leave invariant 
too. The symmetry of the SL{2, M) theory is therefore given by the semi-direct product of 
the conformal and the Kac-Moody groups. 

In order to complete the description of the SL{2,M.) WZNW structures by the anti-chiral 
part, we have to replace the left invariant 1-form g~^{z) Sg{z) of by the right invariant 
6g{z) g^^{z). So we get the anti-chiral symplectic form of the theory with a similar sym- 
metry structure. The monodromy of the anti-chiral field is given by g{z — 27c) = Mg{z) 
and the periodicity of the WZNW field g{T, a) requires M = M~^. 

3 The Liouville theory 

The Liouville theory can be obtained by nilpotently gauging the SL{2, M) WZNW theory, 
imposing constraints for the chiral and anti-chiral fields separately 0. For the chiral part 
the constraint is 

J+(z)+p = 0, where J+iz) = g'iz) g-\z)). (3.1) 

p > is a fixed parameter and t+ the nilpotent element of the sl{2, M) algebra. J^{z)+p = 
is a first class constraint which generates gauge transformations. 

In fact, we apply a gauge invariant version of the Hamiltonian reduction of to the 
nilpotent case. 

3.1 The exchange algebra 

Let us use for the variables and Poisson brackets of the reduced system the same notation 
as for the SL{2, R) WZNW theory. Anticipating the Liouville theory we rename the gauge 
invariant components of the chiral field gn{z) = ip{z) and guiz) = x{^)- Due to gauge 
invariance the form of the Poisson brackets between ip and x is obviously covariant under 
the reduction. Thus we can simply read off the result directly from the basic Poisson 
brackets of the SL{2,R) WZNW theory (U) as 

{^iz),^iy)} = '^^(z) iPiy)eiz - y), (3.2) 

{x{z), x{y)} = -jx{z) x{y)4z - y), (3.3) 
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{^{z), x{y)} = -^^(^) xivHz - y) (3.4) 
+ l'^x{z)i){y)92x{z - y). 

This is the basic Poisson algebra of the reduced system. The corresponding quantum 
commutation relations are nothing but the well-known exchange algebra [0. Below we 
shall show that eqs. ( |3.2| )-( P^ ) together with the similar anti-chiral relations, provide 
locality and canonicity of the Liouville field. 

3.2 The nilpotent reduction of the 5'L(2,]R) theory 
From the constrained Kac-Moody current 

and the relation 

g'{z)=^'j{z)g{z), (3.6) 
we easily find the reduced chiral field 

^^^^ ^ ^-^ij'{z)+p-^Uz)i^{z) p-\'{z)+p-^Uz)x{z) ) ' ^^-'^ 

where (3 = p7^. The gauge freedom of g{z) is given by J2{z). Since det g = 1, ip{z) and 
x{z) have a constant Wronskian 

ijiz)x\z) - ^P\z)xiz) = P, (3.8) 

and (|2.3| ) defines their monodromy 

ijiz + 271) = ^(z), x{z + 27r) = e"^ x{z). (3.9) 



To get a regular Liouville field we assume Tp{z) > 0. The relation (|3.8| ) can then be 
integrated by using (|3^), and x{z) becomes 

Xiz) = Pi;iz) r dy , (3.10) 

Jo w{y) 

which is positive since A < (see ( p.3|) ). So the phase space of the reduced system can 
be parameterised by the field iplz) only. Inserting the field ( p.7|) into the symplectic form 



( p. ID , the reduced symplectic form can be written in terms of gauge invariant variables 
only 

0; = ^/ —--6i;\z)^6i;{z)dz+—6\^-l^. (3.11) 

Since ^{z) > 0, we shall write ^{z) = e~'^'^^^\ and ( 3.11 ) gets in terms of 0(z) the free-field 
form ^ 

uj= [ 6(l)'{z) A 5(f){z) dz+^ A 5(f){T), (3.12) 



2 

with pq = — 2A/ 7 (po > ). Eq. ( ^.9| ) requires that this chiral field (f){z) has the standard 
monodromy 0(z + 27r) = 0(z) + pq/2 of a free field. Using the Fourier mode expansion 



l^^-* + ^ + ;iE^-- (3,13) 
( p.l2| ) yields canonical Poisson brackets for the modes 

{Po, qo} = 1, {a-m, fln} = im5m+n,o- (3.14) 

The classical vacuum configuration corresponds to a„ = 0, whereas the zero modes live on 
the half-plane po > 0. The vacuum is thus (g, p)-dependent and the corresponding fields 

ipiz) and x{^) a-^e 

Mz,p) = e-<'+& , Xo{z,p) = ^ e^(^+-) • (3.15) 

In order to prove that the nilpotent gauging discussed here indeed leads to the Liouville 
theory, we have to add the corresponding anti-chiral part requiring the constraint J+{z) = p 
with p > 0. J+{z) is defined similarly to ( |3.1| ) by the right Kac- Moody current. The gauge 
invariant components are now iplz) = guiz) and x{z) = g22{z). They have the monodromy 

ij{z - 27r) = e-^ tP{z), x{z - 27r) = x{z), (3.16) 

and on the constrained surface they are related by the Wronskian condition 'il){z)x'{z) — 
xjj'{z)x{z) = P, where (3 = 7^p. Assuming again ^jJ{z) > and 'bosonise' ijj{z) = e~"''^^^^ the 
reduced part is described correspondingly by the anti-chiral free field 0(z) with the zero 
modes po, qo, and the oscillators a„. 

The periodicity of the SL{2, M) field g{T, a) requires A = A which for the zero modes leads 
to the constraint po — po = 0. The free field 0(r, a) = 0(z) +0(^) then becomes periodic as 
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well and its canonical zero modes are given by g = go + and p = pq = pQ > 0. Note that 
this constrained zero mode system which we got by reduction just corresponds to the old- 
fashioned 'Fubini-Veneziano trick' to treat the dual model zero modes conveniently. Indeed, 
we shall use this trick henceforth. Then the chiral fields can be treated as independent 
fields with closed Poisson brackets. 

For the periodic field g{T,a) = g{z) g{z) only the one component 5'i2(t, o") = tp{z)tlj{z) + 
x{z)x{z) remains gauge invariant, and it is the Liouville field (p{T, a) which is expected to 
parameterise it 

ijiz)^iz) + xizMz) = e-^^^^'''\ (3.17) 
From the constant Wronskian we obtain for (y9(r, cr), indeed, the Liouville equation 

4?T7 ^ — 

(d^ - dl) if{T, a) + e^^^^"-'^) = 0, with = (3^, (3.18) 



and eqs. ( ^.17] ) and ( |3.1U| ) provide its general solution in the standard parametrisation 

A'{z)A'{z) 
[1 + A{z)A{z)]'^ 



e^^^ir,.^ = ^'^'\'^'^^]^_,,^ , (3.19) 



where 

»27r 



A{z)= / dye^p{z-y)e^^>^^y\ (3.20) 





(/9(r, cr) is periodic, and one can show that this description covers the class of all regular 
periodic Liouville fields. 

It is worth mentioning that the integration of both the Liouville and the S'L(2, M)/f/(l) 
theory P| by Hamiltonian reduction is a strong indication that this approach can be gen- 



eralised to any gauged WZNW theory. The standard Lax-pair method [|T3[ applies to the 
nilpotent gaugings only. 

3.3 The symmetries of the Liouville theory 

The symmetry properties of the chiral fields ip{z) and xi^) pl^-y an important role 
to implement the Moyal deformation quantisation. Putting (|3.5|) and (|3.7|) into 
comparison of the components yields 



ip{z) x{z) 



^\T,{z) - J',{z)). (3.21) 
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Tg{z) = 7^(^2(-2) ~ pJ-i^)) is the reduced energy-momentum tensor of (|2.12|) which be- 



comes gauge invariant only through the 'improvement' Tg{z) ^-^ T{z) = 
we have got in eq. (|3.21| ). From (|2.13| )- (|2.15| ) we easily find 

{Tiz),^iy)} = i;'{y) 5iz - y) + ^ij{y)6'{z - y), 

{T{z), x{y)} = x'{y)S{z -y) + ^xiy)S'{z - y), 



J'oiz) M 



(3.22) 

(3.23) 
(3.24) 



{nz),T{y)} = T\y) 6{z - y) - 2T{y)6'{z - y) 

We see that both ip{z) and x{^) have the same conformal weight — | and that the algebra 
of the improved tensor is deformed by a central extension only. Thus we have, as expected, 
conformal invariance of the Liouville theory, and the gauge invariant T{z) will therefore 
be identified with its energy-momentum tensor. 

The relation ( |3.21| ) corresponds to the Schrodinger equation, well-known in Liouville theory, 
for both ip{z) and x(^) with the solutions ip{z) = e"''"^^^-* and (|3.10| ). It allows us to 
transform the energy-momentum tensor into a free-field form with the typical improvement 
term 

T{z) = ^'^z)--<P"iz). (3.25) 

7 

Our deformation quantisation will rely heavily on the following important observation. The 
symplectic form ( p.ll| ) is invariant under ip{^) ^ e~^^^^'^ip{z) with periodic p{z). These 
transformations are generated by (p'iz) 



{^'(z),ij{y)} = -^S{z-y)ij{y) 



(3.26) 



and for the chiral free field this corresponds to the translations (f){z) ^-^ (j){z) + p{z). These 
translations and the conformal transformations represent together the symmetry group of 
the free-field symplectic form ( p.l2| ). The corresponding Lie algebra is given by ( |3.24|) and 

1 



-S'iz-y), 



(3.27) 



{T{z), <p'{y)} = <j>"{y)6{z - y) - <P\y)6\z - y) + —6"{z - y). (3.28) 

27 

Comparing this with ( p.lOj ), (|2.11|) and (|2.14|) , we see that the 0'(^) ^^'^ Kac-Moody 
current obviously play a similar role for the Liouville and SL{2,M.) WZNW theories, re- 
spectively. 
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Although the fields ip{z) and have the same conformal weight their transformations 
with respect to the translation group is different. In distinction to (|3.26|) the infinitesimal 
translation of 



produces the bilocal field 



xiy)} = ^l^iz - y)x{y) + l^e,,{y - z) e-^^^y)^^^^^) (3.29) 



B{y, z) = e,j,{y - z) e-^'i'^v^^^'i'^^^ . (3.30) 
This bilocal field transforms linearly with respect to the translation 

B{y, x) ^ e-'"'^y^ e2^^(") B{y, x), (3.31) 

and its x-integration gives 

/■27r 

xiy) =[3 dxB{y,x). (3.32) 

Since p > 0, there is no global translation symmetry in the p direction of the half-plane. 
In order to have a group with a transitive action on the phase space at hand, we introduce 
the dilatations p ^ e~^p, q ^ e^q generated by = pq. The vacuum configuration ( |3.15D 
transforms for g = under these dilatations as 

?/'o(2;,e"^p) = V'o(e"^2:,p), Xol^:, e"^p) = Xo(e"^ 2;,p). (3.33) 

Adding this one-parameter group to the translations (j){z) ^ (f){z) + p{z) the new group 
G{p{z),e) is defined. The Moyal quantisation of the Liouville theory is based just on this 
symmetry group. 

3.4 The non-equal time Poisson structure of Liouville fields 

In this section we calculate non-equal time Poisson brackets for the exponential of the 
Liouville field ( p.l7|) denoted here by 

u{z,z) = e-^'P^^^''^ (3.34) 



Using the exchange algebra ( |3.2| )- (|37^ ) together with the similar anti-chiral relations, we 
easily find 

{u{z, z), u{y, y)} = 7^ 07P '^{z)x{y)x{z)'ip{y) + 7^ 0-7p x{z)i^{y)^{z)x{y) 

72 ____ 
+— e [ij{z)ij{y)ij{z)ij{y) + x{z)x{y)x{z)x{y) 

-^{z)x{y)'^{z)x{y) - x{z)'ip{y)x{z)i^{y)]- (3.35) 
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Here we have introduced the notation 

Q^p = 9^p{z -y) + 9^^p{z -y), Q = ^[e{z - y) + e{z - y)]. (3.36) 
With the relation 

u{z, z) u{y, y) - u{z, y) u{y, z) = ip{z)xiy)4'{z)xiy) + xiz)^{y)x{z)4'{y) 

-i^{z)x{y)x{z)i'{y) - x{z)i){y)i'{z)x{y), (3.37) 

which follows from ( |3.17|) and the definition ( p.34| ), the Poisson bracket ( |3.35|) becomes 

{u{z, z), u{y, y)} = 7^ (©TP - Q)'^{z)x{y)x{z)ip{y) 

WiQ~,p-Q)xiz)Hy)i'imiy) 

+—e[2u{z, y) u{y, z) - u{z, z) u{y, y)]. (3.38) 



In the fundamental interval z — y E (— 27r, 27r) and z — y E (— Svr, 27r), where (|2.7| ) gives 
©TP = © = ©-7p, (|3.38|) reduces to the following non-equal time bracket relation 

{u{z, z), u{y, y)} = —[e{z - y) + t{z - y)] [2u{z, y) u{y, z) - u{z, z) u{y, y)]. (3.39) 

To our knowledge this result is not in the existing literature. The step character of the 
function e{z) provides causality of this Poisson bracket, and in particular its equal time 
form vanishes. For the Liouville theory on the line where we do not have zero modes eq. 
( p.39| ) is valid in general. It shows that the Poisson brackets of the Liouville field at two 
different space-time points {z, z), {y, y) is expressed by the field in these two and two other 
points {z,y), {y,z) obtained by exchanging the light-cone coordinates. 
When z — y and z — y are out of the fundamental domain we still can get a closed form 
of ( p. 381) in terms of the field u . For this purpose we introduce two new space time points 



{z + 27T, y + 2tt) and [y + 2tt, z + 27r) which are shifted by 27r (in time) with respect to 
(z, y) and (y, z\ respectively. The monodromies of i\} and x give 

u{z + 27r, ^ + 27r) = e-^^^(z)V'(y) + e^^x(^)x(y), (3-40) 

which lead to 

e'^ u{z, y) — u{z + 2-71, y + 2n) 



i){z)i){y) 



2 sinh 7p 



/ u{z + 2n, y + 2ti) - e ^Pu(z,y) 

X{z)x{y) = ^— r ■ 3.41 

2 smh 7p 
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Similarly the monodromy of u{y, z) defines the products il){y)il){z) and x{y)x{^)- Inserting 
these formulas into (p.38|) we obtain the non-equal time Poisson bracket for u{z, z) in 
general. It now relates quadratic terms of u at six different space-time points. 
In the space-time coordinates 

1_ 1_ 1_ 1_ 

r = -{z + z), a = -{z-z), ri = -{y + y), (ri = -{y-y), (3.42) 



the fundamental interval corresponds to the time-interval |r — ri| < 2tt, where (|3.39| ) is 



valid. Outside of it we have |r — ri| > 2n, and the additional terms of ( p.38|) contribute 
due to the spatial periodicity. 

Differentiating ( |3.39| ) with respect to r and putting ri = r we obtain the equal time relation 

{<9,e-^("'"), e-^("'"^)} = 6{a - ai) g-^^^"''^), (3.43) 

which is equivalent to the canonical Poisson bracket {0(t, ct), ip{T, ai)} = S{(T — (Xi). 
With these results we could also calculate the Poisson bracket for the physically more 
interesting arbitrary exponential of ip{T,ai), the Liouville vertex function. 

4 A Moyal quantisation of the Liouville theory 



Following the ideas of deformation quantisation (for a general treatment see [15, T6|), 
we describe the quantum Liouville theory not in the operator formalism but rather by 
functionals on the phase space. In our case the formalism is based on the symmetry group 
G{p{z),e) of Chapter 3.3. Let us introduce the elements we shall need for our alternative 
quantisation of the Liouville theory, discussing first a single oscillator. 

4.1 The Moyal formalism for the oscillator and zero modes 

We consider the Hamiltonian 

H=^{P' + u'Q'), (4.1) 



and recall some well-known facts of quantum mechanics WTj. The coherent states |a) 



\P,Q; v) with given frequency z/ > are labelled by the points of the phase space. The 
state I a) is related to the vacuum state |0) by the Weyl group transformation 

la) = exp^ fgP-Pg) 10) =exp-^ ia^ a-aa*\ 10), (4.2) 
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which means that the translations of the coherent states are given up to a phase factor 
by the classical law. d^, a are creation and annihilation operators with the canonical 
commutation relation [a, a"*"] = vh, and 

P-ivQ , P+ivQ 

are the corresponding classical variables. The coherent states are eigenstates of the anni- 
hilation operator 

d |a) = a |a), (4.4) 

and they are complete 

|a)d^a(a|=/, with (fa.= {2iThy^dpdq. (4.5) 



As a consequence of the Baker-Hausdorf formula the scalar product of the coherent states 
becomes 

The time evolution of the coherent states also follows the classical law 

e-^"'\a, a") = e--^"' le-'^'a, e'^V), (4.7) 

It is an important observation that there is a one-to-one correspondence between an oper- 
ator A on the Hilbert space and a function A{P, Q) on the phase space. We specify such 
a map by the normal ordering prescription 

A(a*,a) = (a| A I a), A =: A{a* , a) : (4.8) 

The function A (a*, a) is known as the normal (Wick) or Berezin symbol of the operator A 



T^. The non-diagonal matrix elements are given by 

(b|i|a) = i(6*,a) (b|a). (4.9) 
The non-commutativity of quantum mechanics is introduced through the Moyal ^-product 



of symbols |TT|, which is a symbol of the product of the corresponding two operators 

A* B = {a\AB\ai). (4.10) 
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Using the completeness relation (|4.5|) as well as ( [4 .61) and (|4.9| ) we find the useful integral 
representation 

A.B.jMOe-^Aia'.a^VKOBia'^VnCa), ,4.11) 



where we have first made a shift of the integration variables (|4.5|) and then a dilatation by 
^/h . dfi{^) = {2'n)~^dxdy is the corresponding normalised measure and ^ = {x + ii'y) / \/2. 
Expanding the integrand in powers of after Gaussian integration, the ^-product is easily 
seen to be a deformation of the product of two ordinary functions 

A.B = A.B + n.-- + -(H + ■ ■ ■• (^-l^) 

The key object which corresponds to the commutator is the Moyal ^-bracket of two symbols 

{A, B},= '-{A*B- B*A). (4.13) 

Since the *-product ( [4.12|) is associative, the Moyal bracket obeys the Jacobi identity. 
Equation ( ^.12| ) gives the practically useful expansion 

{A, B], = {A, B} + >fi- (— — - — — j + . . , (4.14) 

where {A, B} is the standard Poisson bracket. 

Applying these quantisation rules to the generators of the Weyl transformations P, Q, 
and to the Hamiltonian H = a^a the belonging symbols obviously coincide with their 
classical counterparts, and their ^-brackets with an arbitrary function A{P, Q) are simply 
the Poisson brackets. Such non- deformation properties remain valid in general for the 



generators of symmetry groups which define the coherent states 
For the Liouville theory the chiral part of the Hamiltonian 



H= r dzf{z) = ^ + Y,K? (4.15) 







57r 

n>0 



has for the non-zero modes the discussed oscillator structure. These modes have therefore 
the standard coherent states with the frequency parameter Un = n and the symbol calculus 
can be applied as before. 

But the treatment of the zero modes is essentially different since they are given on the 
half-plane p > only. Here the Weyl symmetry fails and the corresponding coherent 
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states and symbols have to be constructed separately (see Appendix B). On the half-plane 
the coordinate representation does not exist, but we can still make use of the momentum 
representation on the Hilbert space L^(M_|_). The operator p then acts as a multiplication 
on a wave function \E'(p) G L^(M+), and the generator of dilatations is K = ihpdp + ih/2. 
The operator q = ihdp is not self-adjoint on L^(M+), its exponent e^"^ acts by e^'^\I'(p) = 
"^{p + ihjS) which leads to A{p) e"'^ = e"'^ A{p — iha). We shall associate the function 
e^°"^A{p) with the symbol of the operator 

A = e°M(p)e"^. (4.16) 

Such symbols are just characteristic for our chiral fields. The *-product of two symbols 
then becomes 

A*B = e2("+^)9 A{p - ih(3) B{p + iha). (4.17) 

Together with (|4.11|) , this defines the *-product of symbols for the Liouville theory. From 
( [4.17 ), it is easy to see that the ^-brackets of p and p"^ with any A are the Poisson brackets. 



The same is expected for the dilatation K = pq. Although K does not belong to the class 
e^PiB{j)) its ^-bracket can be inferred by differentiating the ^-bracket {e^^'^p, A}^, with 
respect to [3 and putting /5 = 0. Indeed, this leads to {A, K}^ = {A, K}. In this manner 
the ^-brackets of other polynomials can be derived as well. 

4.2 The Moyal formalism for the Liouville theory 

For the Liouville theory the chiral symbols are functionals of the chiral field 0(2;), A = 
A[(f){z)]. In order to specify them we make use of the decomposition (|3.13|) 

(f)(z) = q+P^ + (j)+(z)+(f)~(z), where 0±(z) = ±^ V — 6=^^"^ (4.18) 
47r y/Air ^ n 

^ n>0 

We shall treat here symbols containing the q zero mode as exponentials only 

i[0(^)]=e2"'Ao[p, 0-(^),0+(z)], (4.19) 

and associate it with the operator 

i = e"^ : Ao\p, r{z),4>^{z)] : e"^. (4.20) 
15 



Here : : denotes normal ordering of the oscillator modes of Aq. Then the ^-product of 
two symbols becomes 



n>0 

Ao[p - thf3, + Vh t{z)] Bo\p + tha, 0-(z) + Vh r (p-'iz)], (4.21) 



where d^{^„) = {2n) ^ dpn dqn is the Liouville measure on a plane, ^„ are the complex 
coordinates on it 

a = ^" -mg„ ^ and ^^(z) = ±^ ^ 6^^"^ (4.22) 



Expanding the *-product ( [4.21| ) in powers of h we find 

A*B- A Q (^^^^ _dA OB 2i\"n^^ 

2 \dpdq dq dp ^ dan da*^ 

I d^A d^B d^A d^B d^A d^B , v-- d^B 

I 2 4 > mn 

8 I dp'^ dq^ dq^ dp"^ dpdq dpdq ^ dam dan da^ da^ 

2 ^ \dpdandqda*^ dqdandpda*^ J 
This expansion leads to the *-bracket 

{i, B}, = UA*B-B*A) = {A, B} + hXi{A, B) + ;i2X2(i, 5) + • ■ (4.24) 
which includes now the zero mode contributions 

X (i 5) - - V mn ( _ d^B d^A \ ^ 

2 ^"^g V ^'^n '^'^m '^^n ^^ra dan da'^ da^ ) 

1 ( d'^A d^B d^B d^A d^A d^B d^B d^A \ 

2 ^ \ dp dan dq dan ^p dan dq dan 9q dan dp dan ^q dan J ' 
X2{A,B) contains third derivatives of A and B, etc. 

The symbols of the Hamiltonian ( [4.15| ) and the generators of the translations (l)'{z) and 
dilatations K = pq remain undeformed 

^'{z) = (j)'{z), K = K, H = H, (4.26) 
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and their ^-brackets with any A then coincide, as expected, with the Poisson brackets 

{A, = {A, <p'{z)}, {A, K}, = {A, K}, {A, H}, = {A, H}. (4.27) 

This gives the reahsation of the translation and dilatation symmetries for the symbols. 
But we still have to include the generators of the conformal symmetry. We assume that the 
commutation relations corresponding to ( p.24| ), (|3.28|) are deformed at most by a central 
term. Using ( |3.27| ) and the Jacobi identity, the ^-bracket for ( 3.28|) is determined up to a 
constant Cq 

{f{z), = <P"{y) 6{z -y)- <P'{y) 5\z - y) + Co6"{z - y). (4.28) 

Because its left-hand side coincides with the Poisson bracket, a first order linear variational 
equation for T{z) arises which leads by integration to 

f{z) = ct>' ' {z) - Co r (z) + Ci(p, z), (4.29) 

where the integration 'constant' Ci depends on p and z only. Since ( p.24|) can be deformed 
by a central term only, Ci = 0, and the symbol of the energy-momentum tensor is 

t{z) = 4>"{z)-Co^"{z). (4.30) 

It might be suggestive not to deform the generators of the conformal symmetry |^, 
as it is the case for the group G{p{z),e), but this is not a necessary requirement for the 
energy-momentum tensor [P, |^ and we take t] = 7C0 as a deformation parameter for ( p.25|) 

fiz) = <P''iz)-^<P"iz). (4.31) 

7 

Its relation to the undeformed expression is simply given by 7 1-^ '-ft], but for the time being 
rj is not determined. 

Since T{z) has quadratic and linear terms in (j){z) only its ^-bracket with any A does not 
have terms of order higher than h 

{f{z), A}, = {fiz), A} + hX,ifiz),A), (4.32) 

where according to ( |4.25| ) 

XUfiz) A) = — mn /^e"*("+")^ - e*("+'")^ ^ + 

nj^>o V 9a*^ dal dam dan J 

^ ( fin fin* f)n f)n ) ^ 



(47r)3/2 ^ \ dqda^ dqdan 
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Taking now A = T(y) we obtain 

X,if{z),f{y)) = ^ Yl ^"^'^'"'^ 5^ m (fc - m) , (4.34) 

and using 



k-l 

in 



Ek — k 
m{k — m) = , (4.35) 



m=l 

the well-known Virasoro algebra results 



+ ( ^ + — ) ^'"(^ -y) + wjz^'i^ - y)- (4-36) 



{T{z),T{y)}, = T'{y) S{z - y) - 2T{y)5'{z - y) 

This completes the discussion of the elements we need for the application of the Moyal 
formalism to the Liouville theory. 



4.3 The construction of symbols for chiral fields 

In general a symbol differs from its classical counterpart. The symbols of fields will be 
constructed by their transformation properties under the symmetries of the theory. This 
principle also operates for canonical quantisation . 

Let us first consider the chiral field ip{z). The *-bracket relation which corresponds to 
( p.26| ) is a first order linear homogeneous variational equation for ip{z)^ which leads to 
'il){z) = C{p, z)iIj{z), where C{p,z) is the integration 'constant'. Commutation with the 
Hamiltonian {H,tp{z)}^ = tp'{z) yields dzC{j>,z) = 0. Thus, 

^{z) = C{p) ^{z) = C{p) e~^^^'\ (4.37) 



The conformal weight A{tp) of tpi^) is defined by its commutation with T{z) via (|4.32| ), 

(H) 



{f (z),^(2/)}. = ^'iy) 6iz -y) + l(^r] + ^^ Hy)S'iz - y), (4.38) 
and we read off 

A(^) = -^(r/ + «), (4.39) 

where 

a = 4^. (4.40) 
An 
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An arbitrary exponential e^'^'^ is also primary with 

A(e'^^*) = l(r^/.-a/i2). (4.41) 

The construction of the symbol x{^) requires more labour. Since the field xi^) is given 
by integration of the bilocal field ( p. 301 ) which linearly transforms under the translations 



( p. 31 ), it is convenient first to construct B{y,x). Using the commutation relation 



{0 '{z), B{y, x)}, = -^6{z - y) B{y, x) + ^5{z - x) B{y, x), (4.42) 

we find by the same technique as given before that B{y,x) = f{y,x;p)B{y,x) with an 
arbitrary function f{y, x; p). The commutation of B with the Hamiltonian {H, B{y, x)}^ = 
dyB{y,x) + dxB{y,x) leads to f{y,x;p) = f{y — x;p). To find the function f{y — x,p) we 
commute T{z) with 

^(y) = e-^*(J') r dyfiy - x,p) 9,, {y - x) e^^'^^^^ . (4.43) 



For the detailed calculations we refer to Appendix C. Eqs. ( |4.32| ) and ( [4.33| ) provide for 
A = x{y) the result ( |C.4| ) with anomalies. We require cancellation of these anomalies in 
order to have a primary x{y) 

{f{z), x{y)}, = x'{y) 5{z -y) + ^(r] + a) x{y)5'{z - y). (4.44) 

This procedure determines uniquely the deformation parameter of the energy-momentum 
tensor (|]3l]) 

r] = l + 2a. (4.45) 

For undeformed T{z), given by 7 — 777, the r] is defined by the known quadratic equation. 
Furthermore, the function f{y — x,p) has to fulfil the first order differential equation 

dyf{y,p) = acot{y/2)f{y,p), (4.46) 

which has the solution 

Uy)={Asm'^y. (4.47) 

The field x{y) then becomes 

/•27r 

X{y) = S{p) e-^^^y^ / dy e^^(^-^) Uy - x) e^^^^^^ , (4.48) 
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with the still arbitrary function S{p). The conformal weights of xi^) ^^id tpiz) have quan- 
tum corrections, but their weights remain equal 

A(^) = A(x) = -^(l + 3a). (4.49) 

This provides primariness of the Liouville field too. 

The symbol of the integral A{z) ( p.20| ) can be constructed similarly and we obtain 

A{z) = A{z), A{A) = 0, (4.50) 

which is consistent with A(e^''"^) = 1. 

In Appendix D we will argue that the functions C{p) of ( [4. 37] ) and S{p) of ( [4.48| ) can be 



calculated from dilatation properties of normalised vacuum Berezin symbols. 

Then the results found so far by the Moyal quantisation are in agreement with those of 

the canonical quantisation of the Liouville theory |||. 

4.4 The *-product exchange algebra of chiral fields 

In this section we calculate the *-products of the chiral fields ipi^) ^iid x{z) to get the 
quantum exchange algebra. The symbols of ip{z) and x{^) have the useful property that 
the non-zero modes appear only linearly in the exponent. The *-products of these symbols 
can therefore be calculated directly by Gaussian functional integration of ( |4.21| ). These 
integrations give the results 

^{z) * ^{y) = ^{z) ^{y) C4p)C4p) +(^-^) , (4.51) 

xiz) * xiy) = Hz) Hy) y) e-'--^^^^-y^ , (4.52) 

ij{z) * x{y) = Hz) ij{y) h{z, y) e---(--J') , (4.53) 
X{z) * Hy) = Hz) Hy) h{z, y) e^---(^-^) , (4.54) 
where C±{p) = C{p ± h'j /2)^ and /q; and I2 are the integrals 

Io{z,y) = S+{p) S-{p) / dxdv f~^{x - v) fa{z - x) fa{y - v) 

Jo Jo 

X fa{z - v) fa{y - x) eK^-^)e^^(^-'') e'^^'^^''^^^'''^^''^ (4.55) 

h{z, y) = R_{p) / dx U{z - x) faiy - x) e^^(^-^) e^^-^^^'^ e-*™'^^^'^'^) , (4.56) 
Jo 

h{z, y) = R+{p) I ^ dx Uz - x) Uy - x) e^^^^"^) e'^*^'^ ^ (4.57) 
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with 



S^{p) = S{p ± R^ip) = 

k{z, y, x) = e{z — y) + e{y — x) + e(x — z), (4.58) 



and 

^^(^) = f (4-59) 



27r TT ^-^ n 

n>0 



The 6^(2;) functions are the positive and negative frequency parts of the stair-step function 
t{z) = €~^{z) +e'{z). They are related by e+(— z) = —e^{z) and contain the short distance 
singularities 

e^{z) = ^eiz) T ^ log (4 sin^ . (4.60) 



We should mention here that the integration over the singularity of ( [4.55|) is defined 
only if a < 1/4, which restricts the coupling constant 7^ < n/h. 

The bilocal objects Io{z,y), Ii{z,y) and l2{z,y) have the following symmetry properties 
under the exchange of the z, y coordinates 

Io{y,z)=Io{z,y), (4.61) 

h{y,z)=a{p)h{z,y) + b{p)h{z,y)e'^<^-y\ (4.62) 

l2{y,z)=c{p)l2{z,y) + d{p)h{z,y)e-'^<^-y\ (4.63) 



Equation ( 4.61 ) is obvious. To get ( ^4.62| ) we take into account that the function K,{z,y,x) 



has in the integration region x G [0, 27r] the two values k = ±1 only. Then the equality of 
the integrands on the left and right hand sides define the coefficients a{p) and b{p) 

K^[p) smh^'yp smh 

The derivation of ( ^.63| ) is similar and it yields 

^^^^ ^ R4p) sinh{l,p + 2^.a)^ ^^^^ ^ _.sin2vra ^^ ^^^ 

i?_ [p) sinh 27P sinh ^^p 

The function R{p) = C{P) S{p) is given by ( [IXT^ ) 

i?(p) = (^sinh^ y + sin^ vra) ~ ' , (4.66) 
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which determines a{p) and c{p) uniquely 



/ N / N / . sin^(27ra) i /. 
a{p) = c{p) = I 1 + — I (4.67) 



2 

The quantum exchange algebra [j^, ^ follows then immediately from ( 4.51 )-( 4.52|) and 



^inae{z-y) ^ _ ^ ^^^^^ ^4_gg^) 

^ ^ ^ _ 2, sin(27ra) ^(y) * x{z) 9^,p{z - y), (4.70) 

e-'-'-^^-y^ X{z) * t[j{y) = ij{y) * x(^) c{p) - 2i sin(27ra) x{y) * H^) 0,p{z - y). (4.71) 

Because tpiy) * xi.^) does not depend on q its product with a{p), c{p) and 6±^p is here an 
ordinary one. Expanding ([4.68|) - ([4.71|) in powers of h the zero and first order terms in h 
reproduce the classical exchange algebra 



4.5 The non-equal time *-brackets of Liouville fields 

The symbol calculus for the anti-chiral part is similar. Combining the chiral and anti-chiral 
fields we construct the symbol of the Liouville exponential ( p.l7| ) 



u{z,z) = E{z,z) + k{z,z), (4.72) 

where 

E{z, z) = ij{z)^{z), K{z, z) = x{z)m- (4.73) 

For the calculation of the *-product we treat the chiral and anti-chiral fields independently 
by using again the Fubini-Veneziano trick and put Po = Po = P and Qo + Qo = Q afterwards 

Aip,p)e'^^ * B{p,p)e^^ = A(po,Po)e"(''°+^"°) * S(po,Po)e^(''°+^"°io=Po=P,.o+5o=r (4.74) 
This relation obviously follows from ( ^.17| ). The eqs. ( [4.51| )-( p:.52| ) provide then 



Eiz, z) * Eiy, y) = E{z, z)E{y, y) ^^(p)^^ (p)e-*™[^^(^-^)+^-'(^"-S)l , (4.75) 

K{z, z) * K{y, y) = E{z, z)E{y, y)I,{z, y)Uz, y) e-™[^+(-^)+^+(^--5)] , (4.76) 

E{zrz)*K{y,y)=E{zrz)E{y,y)h{z,y)h{-z,y)e'-'^^^'^'-y^^'-'^ , (4.77) 

K{z, z) * Eiy, y) = E{z, z)E{y, y)h{z, y^z, y) e--[^-(-2^)+^-(^--5)] . (4.78) 

22 



Our aim is to find the quantum realisation of the non-equal time Poisson brackets discussed 
in subsection 3.4. We consider here for simplicity the case ( |3.39|) only. One expects the 
quantum relation 

u{z, z) * u{y, y) = C[u{z, y) * u{y, z) + u{y, z) * u{z, y)] + Du{y, y) * u{z, z), (4.79) 

where C and D are functions of space-time coordinates only. In order to determine C and 
D we use the fact that the product E{z, z)E{y, y) is invariant under the exchanges of z 
and y or z and y. The comparison of the coefficients of E * E on the left and right hand 
sides of ( [4.79|) gives the condition 



(e*™^ + e^^"^) C + e*™® D = 1. (4.80) 
Here we use the shorthand notation e = e{z — y), e = e{z — y), and O is defined by (|3.36|). 



Due to the symmetry ( [4.61| ) the same condition also holds for the coefficients of K * K. 



For the term E* K + K* E we use the exchange relations (|4.62|) and ([4. 63]) and rewrite the 



left and right hand sides of ( [4.79| ) as a linear combination of the four independent terms 
Ii{z,y)Ii{z,y), I2{z,y)l2{z,y), Ii{z,y)l2{z,y) and l2{z,y)Ii{z,y), which are multiplied by 
p-dependent coefficients. In this manner we find four equations but due to (|4.67| ) only two 
of them are independent 

(e"*™" + e"^™'") C + 2i sin(27ra) g-^*™©/} = o, (4.81) 
2sin(27ra) [ee"^™^ + ee"*™^"] C + [1 - sin2(27ra)(l + ee)]e-2^™® D = 1. (4.82) 

Equations ( [4.80|) and (|4.81|) determine 

1 2zsin(27ra)e 



C 



^iTvae _^ giTrae- 2i sin(27ra)e - e^*™© 



^ 2zsin(27ra)e-e2^™0 ' ^^'^^^ 



which satisfy ( |4.82 ) as well. The quantum non-equal time relation becomes 



_ ^^2^.a _ ^-2.™) ^^^^ ^ ^^^^ ^ ^^^^ ^ ^(^^ ^4 g^) 

~Q ,w , ,^^A Hz,y)*u{y,z)+u{y,z)*u{z,y)]. 



It provides for 6 = obviously the causality condition {u{z, z), u{y, y)}^ = 0. For 6 = ±1 
( [4.84| ) relates quadratic combinations of the field u at four different space-time points, 
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which can also be written as a ^-bracket, and combining it with the case O = we get the 
final result 

{u{z, z), u{y, y)}* = l sm{h^y4) [e{z - y) + e{z - y)] x (4.85) 
n 

\( , Hz,z) *u{y,y) +u{y,y) *u{z,z) 

u{z, y) * u{y, z) + m z) * u z, y) 

2 cos(ai7^/4) 

Much in the same manner as for the derivation of ( p.43| ) we can easily construct from it a 
symbol of the local field e-2'>"^(^'<^) . 



Its expansion in powers of fi reproduces the classical Poisson bracket (|3.39|) . 

5 Summary 

In this paper the Liouville theory was revisited, classically and quantum mechanically. Its 
Poisson and symmetry structures are defined from the S'L(2,]R) WZNW theory by gauge 
invariant Hamiltonian reduction, and for quantisation a Moyal formalism is applied. 
The classical form of the exchange algebra arises as the basic Poisson algebra, from which 
causal non-equal time Poisson brackets for a Liouville exponential are derived. We ob- 
served a transitive symmetry group acting on the phase space, and we have shown that 
Hamiltonian reduction is a suitable method for the integration of gauged WZNW theories. 
Following the ideas of geometric quantisation, coherent states have been defined via this 
transitive symmetry group and a symbol calculus developed. The symbols of fields are 
constructed through the symmetries of the Liouville theory. We reproduce results of the 
canonical quantisation, which includes the deformed exchange algebra. In addition, the 
deformed causal non-equal time commutators of a Liouville exponential is calculated. From 
this rich structure other symbols and ^-products can be derived. 

We presume that vacuum Berezin symbols provide a natural definition for Liouville corre- 
lation functions. 
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Appendix A 



For Poisson bracket calculations the technique of symplectic geometry is applied |T8[. If a 
symplectic form is given by a; = uJmniO ^^"^ A 5^", then for an observable F{^) one has 

~5F = 2uj^^{0 {F,r}SC, (A.l) 

which for non-degenerate Umn (0 defines the Poisson brackets { F, ^™ }. 

We make use of ( |A.1D for the symplectic form (|2.1| ) (for a more general treatment see |l9l ) . 



First we parametrise the chiral field g{z) by 

g{z) = f{z) Miz), M{z) = exp (^^ , (A.2) 

where f{z) is a SL{2,M.) valued periodic field. This parametrisation assumes the mon- 
odromy matrix M = expAt2- Then, from (|2.1|) we get 

co = -^ r {{f-\a)5f{a)yA r\a) 5 f {a)) da 



7 Jo 



A 



2vr7^ Jo 



'\a {[f-\a)6fia),t] A f-\a)6f{a)) 



^ r2TT 



7r7^ ■ Jo 



6XA{t / da f-\a)6f{a)). (A.3) 



For F = A we read off from ( |A.3|) the equations 

Jo 



A 1 f 

A'{a) + —[A{a),t2]=0 and — / da {t2 A{a)) = -1, 
Z-K ttY Jo 

where A{a) = f^^{a) {A, f{a)}. Due to the periodicity of /(cr) we get the unique solution 



{XJ{a)} = ^fia)t2. (A.4) 

In order to write down the Poisson brackets of group elements it is convenient to introduce 
the notation Q 

{ /ai/3i(t^l), fapicr) } = { f{ai) O f{a) }aia,/3i/3 • (A.5) 
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For F = faii3iio'i), the Poisson brackets of /(c'")'s can then be written as 

} = ® if (a) tn), 

where the t„ are given by ( p.2|) , and the A*^") satisfy the equations 

a) + - e" „2 ^('"^(ai, a) - ^ (J^" (/(^i) ^2) = 
TT 47r 

^(/(ai)r)<5(ai-a), 

and 

/•27r 

/ d(TA(2)(ai,a) =0. 
Jo 

Eq. (|A.7|) sphts into independent equations 



(A.6) 



7 



ifia^)h){6ia^-a) 



27T 



TT 



(A.7) 
(A.8) 

(A.9) 
(A.IO) 



where A^^^ = A^±A^. Eq. (|A:8| ) - (|A:I0|) have an unique solution for A 7^ 0, which inverts 
the symplectic form. Indeed, from ( |A.9| ) and ( |A.8|) we find 

„2 



(A.ll) 



and integration of ([A.10| ) gives 



where 



^\h(z) 



(A.12) 



(A.13) 



2 sinhA 

Note that for A 7^ the operator + A/vr has an inverse on the class of periodic functions, 

and h\{a — (Ji) is its kernel. 

Now using ( [AIgD and (|A.11| ), ( |A.12| ) we obtain 

{ /(^i) ® } = ^ [ (/(^i) ^2) ® (/(a) h) h{a, - a) 



(A.14) 
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With this resuh we are able to calculate the Poisson brackets of the chiral WZNW fields 



{ g{z,) ® g{z) } = { f{z,) ® f{z) } ■ ( M{z,) ® M{z) ) 
+ ( / ® f{z) ) ■ { f{zi) ® M{z) } ■ ( M{zi) ® / ) 
+ ( f{z,) ® / ) ■ { M{z,) ® f{z) } ■ ( / ® M{z) ) 



(A.15) 



explicitly. From ( |A.4|) follows 

{f{z,)®M{z)} = 
{M{zi)^f{z)} 
and it is easy to check that 
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f{z^)h)®{M{z)h), 
[M{z,)h)®{f{z)t,), 



(A.16) 



M-^{z)t±M{z) = t± exp 
Putting ( |Al^ )- ([AT7| ) into ( [OsD we get our final result 



(A.17) 



Another remark is in order: because of (^]4) the Kac- Moody currents (|2.8|) have zero 
Poisson brackets with A. This simplifies the calculation of {Jn{zi), g{z) } from p.lj ) (with 
M = exp(At2)). Eq. (|0| ) gives for F = Jn{zi) 

-6Uz,) = {{g-\z)6g{z)yg-\z){Uz,),g{z)})dz, (A.18) 

T J T 

since the term proportional to 6X is cancelled by partial integration. The variation of (|2 

1 



SJJz) 



r 



{t^g{z){{g-\z)6g{z)yg-\z)), 



and (|Al8|) then provide (U). 



Appendix B 

The coherent states on the half-plane p > are transformed into each other by an irre- 
ducible representation of the group of translations and dilatations 



q\-^ q + b; 



P 



-ep 



q H-> e g. 



fB.r 
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In the complex coordinates 



( = - + ivq, C = - - ^VQ, 
p p 



(B.2) 



these transformations become a holomorphic map ( e~^C ~ '^^b of the half-plane onto 
itself. ( B.2 ) is the analogue of (13) for the half-plane and z/ is a squeezing parameter. The 
coherent state (p) is defined as an eigenstate of the operator ( = l/p — hv /2p — hvdp 

1 - hu/2 



p 



- hudp (p) = Ci^ci (p). 



(B.3) 



with the eigenvalue Ci = + "i^Qi- We use here the standard measure dp for the scalar 
product of wave functions 

(B.4) 



(^Cil*C2) = / dp^lip)^^,ip), 



and the term hv/2p of the operator C, is necessary in order to get the correct normalisation 
and completeness of the coherent states. This term can also be justified with in geometric 
quantisation [0 but it will be cancelled if we pass to the dilatation invariant measure 
dp/p. 

The solution of ( B.3 ) with (3 = l/hv 



% {p) = Cp{puqi) — p^e-^^^^ 
and the integration constant Cp{pi,qi) can be defined by the conditions 

P^Ci ip) = ^Hi^Ci (P)' and i^^^, (p) = ih{qidq, - PidpJ'^^^, (p), 



[B.5) 



[B.6) 



which implies that p = p and K = ih{pdp+l/2) are the translation and dilatation operators 
respectively. From (|B.6|) follows Cf3{pi,qi) = cpPi^, and the normalisation condition 
(^(^J^^^) = 1 yields c|r(2/?) = (2/?)2/5. Thus we get the wave functions 

ip) = (2/?)^r-V2(2/3)^ (P-Y e-^f^^ (B.7) 



which have the scalar product 

(^cii^c2) = ipiP2y 



C1 + C2 



-213 



(B.8) 
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and satisfy the completeness relation 

^ hh'\ f dpdq 
~ Y 



2'Kh 

This structure defines the the Berezin symbol calculus for 



(B.9) 



A{p,q) = {^^\A\^^). (B.IO) 

At u = the coherent states become non-normalisable, like the standard coherent states 
on the plane. In particular for u we have 

\^M\'^5{p-p,). (B.ll) 

Appendix C 



In this appendix we describe the cancellation of anomalies needed to get a primary xiu)- 
First we calculate the ^-bracket of T(z) with the bilocal field 



B{y,x) = F{y - x,p) e 



(C.l) 



taking into account ( [4.38| ), and ( [4 .411 ) for /i = 2. Then eqs. ( |4.32| ), ( |4.33|) provide 



{t(z), B{y,x)}. = (e-^<^(^)) F{y - x,p)e^^^^^^ 5{z - y) 

+ ^ [t] + a) e-^*(^) F{y - x,p) e^^^^'^HXz - y) + 
-im F{y - x,p) (e2^<^(^'))' 6{z -x) - (r^ - 2a) 6"^'^'^^^ F{y - x,p) e^^^'^''W{z - x) 



+ae-^'^(^) F{y - x,p) e^^-^^^'^ cot -{y - z) [6{z - y) - 5{z - x)], (C.2) 

2 



where we have used 



-ik(z-ij) 



k>2 



k-1 
m=l 



-im(y—x) 



ik{z-y) _|_ ^-im{y-x) 



) + C.C. 



k>l 



^ cot ^{y - z) [8{z -y)- 8{z - x)]. 



(C.3) 



The integration of (|(J.3D over x gives the result 



{f{z), x{y)}, = x\y) -y) + -{n + a) xW{z - y) 
+ {l-7] + 2a) e-^'^^y^Fiy - z,p) {e^^^^'^)' 



+ (r/ - 2a) e-^^^y^F '{y - z, p) e'^-^^") - a < 



J dx ^F'{y — x,p) — a cot -{y — x) F{y — x,p)^ e 



5iz-y), (C.4) 
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which has in addition to the standard terms undesirable anomahes. The cancellation of 
the anomalies uniquely yields (^4.45|) and ( [4.46|) . 



Appendix D 



Here we present some heuristic considerations and argue that the equation (4.6(:) can be 



derived by means of the dilatation properties of the vacuum configuration (|3.33| ). For this 
purpose let us define a new (s-) symbol As{p)e'^°"^ with As{p) > and associate it with the 
operator 

A = y/MP) F2a{p + lha) e^"'^ ^Ajf). (D.l) 

The function F2a{p) is included here in order to get a Hermitian operator A. Such a symbol 
is related to the vacuum expectation value of A, and it can be obtained by a normalised 
limiting procedure u ^ from the Berezin symbols ( p.lO|) . Comparing the two different 
forms ( [4 .161) and ( |D.lj ) of an operator A, the functions A{p) and As{p) are related by 



A{p) = ^/As{p + iha) As{p - iha) F2a{p)- 



(D.2) 



This relationship will now be used to specify the undetermined functions C{p) and S{p) 
of ( [4.37D and ( |4.48| ). The dilatation properties of the vacuum configuration ( |3.33D give for 
the s-symbol 



1ps[z)\q=Q^^±=Q = Ce 4. , Xs[z)\q=Q,^±=0 = -64-. 



where c and s are constants, and (p.2|) leads to 



V^(2:)|g=o,0±=o = cF_^{p) 



e 47r 



x(^)|,=o,<^±=o = sF,{p) [p" + (/i7/2)']"' 
But the vacuum configurations of ( ^.371 ) and ( [4 .481 ) are also given directly 

V'(z)|g=o,0±=o = C{p) e"^, 
x{z)\q=o,<f,±=o = S{p) 
To get (|D.71 ) have used the integral 

ax (sm X) e ^ = Aa 



A ^ 

An, e 47r 



r(l + a + .f)r(l + a-z^)' 



TP 

e 2 



r(i + a + zf) r(i + a-zf; 



(D.3) 

(D.4) 
(D.5) 

(D.6) 
(D.7) 

(D.8) 
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where Aa is a p-independent constant. The comparison of (p.4|) - (|D.?| ) relates the unknown 
functions 

where Rq is a p-independent constant. The functions can be calculated, in principle, by 
a normalised limiting procedure of Berezin symbols which we have not done yet. Instead, 
we make here a suggestion which is guided by locality consideration || 

The identity 

r(l - a - tb)T{l - a + ib)T{l + a - z6)r(l + a + ib) = (^»)' + (^^)' ^ p j^) 

sinh 7ra + sin nb 

provides finally 

_i 

C{p) S{p) = Ro (sinh^ y + sin^ vra) ' . (D.12) 

This result defines the coefficients of the quantum exchange algebra, and it leads to the 
causal commutation relations ( [4.85| ). 



References 

[1] J. Wess, B. Zumino, Phys. Lett. B37 (1971) 95; S. P. Novikov, Usp. Math. Nauk. 37 
(1982) 3; E. Witten, Comm. Math. Phys. 92 (1984) 455. 

[2] J. Balog, L. Feher, P. Forgacs, L. O'Raifeartaigh, A. Wipf, Phys. Lett. B227 (1989) 
214; Annals Phys. 203 (1992) 269. 

[3] C. Ford, G. Jorjadze, G. Weigt, Integration of the SL{2,R)/U{1) Gauged WZNW 
Theory by Reduction and Quantum Parafermions, |hep-th/0003246| , to be published 
in Theor. Math. Phys. 

[4] M.F. Chu, P. Goddard, I Halliday, D. Olive and A Schwimmer, Phys. Lett, B266 
(1991) 71. 

[5] K. Gawedzki, Comm. Math. Phys. 139 (1991) 201. 

31 



[6] E. Braaten, T Curtright, and C. Thorn, Ann. Phys. (NY) 147 (1983) 365. 

[7] J.-L. Gervais and A. Neveu, Nucl. Phys.B238 (1984) 125; J. Schnittger, Quantum 
Group Structure and Local Fields in the Algebraic Approach to 2-d Gravity, Theor. 
Math. Phys. 104 (1996) 892. 

[8] H.J. Otto and G. Weigt, Z. Phys. C31 (1986) 219; G. Weigt, Canonical Quantisa- 
tion of the Liouville Theory, Quantum Group Structures, and Correlation Functions, 
Pathways to Fundamental Theories, World Scientific Publishing Co. Pte. Ltd., 1993, 
p. 227. 

[9] K. Bardakci, M. Crescimanno, E. Rabinovici, Nucl. Phys. B344 (1990) 344. 
[10] H. Weyl, Z. Phys. 46 1; E. Wigner, Phys. Rev. 40 (1932) 153. 
[11] J.E. Moyal, Proc. Cambridge Phil. Soc. 45 (1949) 99. 
[12] F.A. Berezin, Comm. Math. Phys. 40 (1975) 411. 
[13] A. N. Leznov, M. V. Saveliev, Acta Appl. Math. 16 (1989) 1. 

[14] G. P. Jorjadze, A. K. Pogrepkov, M. C. Polivanov Teor. Mat. Fiz. 40 n.2 (1979) 221. 

[15] F. Bayen, M. Flato, C. Fronsdal, A. Lichnerowicz, D. Sternheimer, Ann. Phys. Ill 
(1978) 61 and 111. 

[16] E. Gozzi, M. Renter, Int. J. Mod. Phys. A9 (1994) 2191. 

[17] A.M. Perelomov, Generalised Coherent States and their Applications, Springer- Verlag, 
Berlin, 1986. 

[18] N.M.J. Woodhouse, Geometric Quantisation, Clarendon, Oxford, 1992. 
[19] J. Balog, L. Feher, L. Palla, Nucl. Phys. B568 (2000) 503. 



32 



